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Abstract. We prove that the homology of the mapping class groups 
of non-orientable surfaces stabilizes with the genus of the surface. Com- 
bining our result with recent work of Madsen and Weiss, we obtain that 
the classifying space of the stable mapping class group of non-orientable 
surfaces, up to homology isomorphism, is the infinite loop space of a 
Thom spectrum built from the canonical bundle over the Grassmanni- 
ans of 2-planes in R n+2 . In particular, we show that the stable rational 
cohomology is a polynomial algebra on generators in degrees 4i — this is 
the non-oriented analogue of the Mumford conjecture. 



1. Introduction 

The mapping class group of a surface S is the group of components of the 
space of diffeomorphisms of S. Since the components of the diffeomorphism 
group are contractible, except in a few cases [5j [6], the classifying space 
of the mapping class group classifies surface bundles, and has therefore at- 
tracted great interest. The mapping class groups of orientable surfaces have 
been extensively studied and in particular, it was shown in the 1980's, in 
a fundamental paper by Harer p3|, that its homology stabilizes with the 
genus of the surface. Moreover, the stable homology was computed recently 
[8] , using the breakthrough methods of Madsen and Weiss [23] . A lot less is 
known about its non-orientable analogue despite its frequent appearance. 

In this paper we prove that the homology of the mapping class groups 
of non-orientable surfaces stabilizes with the genus of the surface and we 
show that the stable homology is independent of the number of boundary 
components. Combining our result with the work of Madsen and Weiss, 
we give a computable homotopical model for the classifying space of the 
stable non-orientable mapping class group, up to homology isomorphism, 
built from Grassmannians of 2-planes in R n+2 . In particular, we obtain the 
non-oriented analogue of the Mumford conjecture, showing that the stable 
rational cohomology is a polynomial algebra Q[Ci, C21 • • • ] with Q in degree 
4i. 



We now explain this in more detail. Let S n r denote a non-orientable 
surface of genus n with r boundary components, that is S ntr is a connected 
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sum of n copies of MP 2 with r discs removed. The mapping class group of 
S n ,r is the group M. n ,r = vroDiff {S n ,r rel d), the group of components of the 
diffeomorphisms of the surface which fix its boundary pointwise. 

When v > 1, there is a stabilization map a : M. n>r — » -A/f n +i ir obtained 
by gluing a Mobius band with a disc removed (or an MP 2 with two discs 
removed) to the surface and extending the diffeomorphisms by the identity 
on the added part. Similarly, there is a map (3 : M n>r — > A^ri.r+i obtained 
by gluing a pair of pants to the surface. Gluing a disc moreover defines a 
map 5 : Ai n>r — ► -M nir _i, which gives a left inverse to (3 when r > 2. 

Theorem A (Stability Theorem). For any r > 1, 

(1) aj : Hi(M. n>r ; Z) — ► Hi(A4 n+ i jr ;Z) is surjective when n > Ai and an 
isomorphism when n > Ai + 3. 

(2) /3j : Hi{AA n r ; Z) — ► i?j(A^ n ,r+i; Z) is an isomorphism when n > 4i+3. 

(3) 6"j : ifj(A^ ni i;Z) — ► Hi(Ai n fi]Z) is is surjective when n > Ai + 1 and 
an isomorphism when n > Ai + 5. 

The corresponding theorem for mapping class groups of orientable sur- 
faces was proved in the 1980's by Harer [T5j and improved shortly after 
by Ivanov [19]. They obtain respectively a slope 3 and slope 2 result, 
where the slope of a stability theorem with a linear bound is the slope 
of the bound. Our stability theorem is with slope 4. Note that an ori- 
entable genus corresponds to two non-orientable ones in the sense that 
(# g T 2 ) # MP 2 S #24+1 M 52 where T 2 denotes the torus. Hence our 
slope 4 corresponds to Ivanov's slope 2. 

We prove our stability theorem using the action of the mapping class 
groups on complexes of arcs and circles in the surfaces. Two new phenom- 
ena occur in non-orientable surfaces: 

- embedded circles can be 1-sided or 2-sided, and we define here a corre- 
sponding notion for arcs; 

- arcs and circles may have orientable or non-orientable complement. 

The main ingredient in proving Theorem |A] is the high connectivity of ap- 
propriate complexes of circles and 1-sided arcs. We define 1-sided arcs in 
any surface, orientable or not, equipped with a set of oriented points in its 
boundary. When a surface is orientable, the complex of all 1-sided arcs cor- 
responds precisely to the complex of arcs between two sets of points used 
by Harer in [T4]. It turns out that there is a gap in Harer's proof of the 
connectivity of this complex, which we correct here. (This is our Theo- 
rem [222 correcting [14^ Thm. 1.6], which is used in [191 Thm. 2.12] so that 
both Harer and Ivanov rely on it for their stability result.) Our proof of (1) 
and (2) in Theorem lAl is logically independent of [14] and [19]; we replace 
the train tracks in Harer's paper, and the Morse theory in Ivanov's, by a 
simple surgery technique of Hatcher [15]. We rely however on [19] for the 
connectivity of the complex of all circles in a surface to prove the last part 
of Theorem [A] 
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Theorem lAl also holds verbatim for mapping class groups of non-orientable 
surfaces with a fixed number s of punctures, which can be permutable or 
not. This can either been seen by inserting punctures everywhere in the 
proof of Theorem El or as a corollary of Theorem [A] using a spectral se- 
quence argument (see |13|). A different stability theorem, for fixed genus 
but increasing number of permutable punctures, is proved in [17j . 

Let S — » E — > B be a bundle of non-oriented surfaces. The vertical 
tangent bundle of E is the 2-plane bundle T p E — ► E which associates to 
each point of E the tangent plane to the surface it lies in. This plane bundle 
has a first Pontrjagin class p\ € H 4 (E). The powers of this class transferred 
down to B define a family of classes Ci : C2 , • ■ • G H*{B) with Q in degree 
Ai. The classes Q are the non-oriented analogues of the Mumford-Morita- 
Miller classes [25 1 127 1 [28]: When the surface bundle is orientable, the vertical 
tangent bundle has an Euler class e € H 2 (E) which in turn produces a family 
of classes «i, «2, ... £ H*(B) with «j in degree 2i. By construction, K2i = Q 
when both classes are defined. 

The Mumford conjecture, as proved recently by Madsen and Weiss [24] . 
says that the stable rational cohomology of the mapping class groups of ori- 
entable surfaces is the polynomial algebra Q[«i, ]. Madsen and Weiss 
actually prove a stronger result, using the reinterpretation of the classes 
[23], which we now describe. Embedding E in B x R n+2 for some large 
n and collapsing everything outside a tubular neighborhood gives a map, 
the so-called Thorn- Pontrjagin map, S n+2 A B — > Th(N p E) to the Thom 
space of the vertical normal bundle of E. Classifying this bundle gives a 
further map into Th(U^), the Thom space of the orthogonal bundle to the 
tautological bundle over the Grassmannian Gr(2, n + 2) of 2-planes in M n+2 
(or the Grassmannian of oriented planes if the bundle was oriented). The 
spaces Th(Un) form a spectrum which we denote G_2, and Gl 2 = CP^ in 
the oriented case. Applying the construction to the universal surface bundle 
gives a map 

i> : BDiff(S) — ► ft°°G_ 2 = colim^oo Q n+2 Th(U^). 

The rational cohomology of f2°°G_ 2 and f2°°Gl 2 are easily seen to be poly- 
nomial algebras, in the zeta and kappa classes respectively. 

Except in a few low genus cases, the components of the diffeomorphism 
group Diff(iS) of a surface S (orientable or not) are contractible ([5j [6], 
see also [E]), so that BDiff(S , n)T .) ~ BAi n r when n + r is large enough, and 
similarly for orientable surfaces. The main result of [21] is that the analogue 
of the above map ip in the oriented case induces an isomorphism between 
the homology of the stable mapping class group of orientable surfaces and 
the homology of Q^G^- This result relies on Harer's stability theorem. 
Forgetting orientations in [24] and replacing Harer's result by our TheoremlAl 
yields our second main theorem. (We actually use the new simpler approach 
to the Madsen- Weiss theorem via cobordism categories |llj.) 
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Let Moo denote the stable non-orientable mapping class group, that is 
Moo = colim n ^.oo M n ,l- Its homology is the stable homology of the non- 
orientable mapping class groups in the sense that Hi(M n ,r) — Hi(Moo) 
when n > Ai + 3 if r > 1, or n > Ai + 5 when r = by Theorem [A] 

Theorem B (Stable Homology). The map ip induces an isomorphism 
H^Moo-,1.) -^#*(fi§°G_ 2 ;Z). 

Here r2§°G_2 denotes the Oth component of f2°°G_2- Let Q denote the 
functor O 00 ^ 00 = colim n ^ oc £l n Y, n and Qq its Oth component. Looking away 
from 2 or rationally, the right hand side in Theorem IBl simplifies further: 

Corollary C. H^M^; Z[\}) #*(Q (BO(2) + ); Z[|]) 

Corollary D. iT^A^; Q) = Q[Ci, Ca, • • •] u»tfi |C*1 = 4i- 

The homology of Qo(BO(2) + ) is known in the sense that Qq{BO{2) + ) ~ 
Qo(S°) x Q(BO(2)) and the homology H if {Q(X);¥ p ) is an explicitly de- 
scribed algebra over H*(X;W p ) for any prime p [U [3]. There is a fibration 
sequence of infinite loop spaces 

ft°°G_ 2 — ► Q(BO(2)+) — ► ^MPf^ 

where RP^ = G_i is the spectrum with nth space the Thorn space of the 
orthogonal bundle to the canonical bundle over Gr(l,n). The homology 
of fi^KP^ is 2-torsion. The homology of fig°G_2 can then be calculated 
using this fibration sequence as well as an analogous fibration sequence for 
f2°°]|jp°° (s ee Section [6|). The corresponding calculations in the orientable 
and spin case were carried out by Galatius [9J [8] . 

Earlier calculations of the homology of M n ,r are sparse. Low dimen- 
sional homology calculations with Z/2-coemcients where obtained by Zaw 
in [33] for small genus and number of boundary components. Korkmaz 
[21] and Stukow [29] calculated the first homology group and showed that 
H\(M n f.) = Z/2 when n>7. This agrees with our result. 

Let ^2 denote the (l+l)-cobordism category with objects embedded cir- 
cles in M.°° and morphisms the space of embedded (non-oriented) cobordisms 
between such circles. The morphism space between two sets of circles has 
the homotopy type of the disjoint union of the classifying spaces of the 
diffeomorphism groups of the cobordisms between the circles. Using Theo- 
rem El we show that fiB^ is homology equivalent to Z x BA^oo- This is 
a non-oriented version of Tillmann's theorem [30]. It says that the stable 
non-orientable mapping class group governs the homotopy type of the loop 
space of the cobordism category of all non-oriented surfaces. This reflects 
the fact that the non-orientable surface of arbitrarily high genus is a stable 
object for non-oriented surfaces in the sense that any surface can be "sta- 
bilized" into a non-orientable one by taking a connected sum with a copy 
of MP 2 . Theorem IBl then follows from the main theorem of [TT], which says 
that B^2 is a deloop of 0°°G_ 2 . 
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Sections 2-4 in the paper give the proof of part (1) and (2) in Theorem IA"| 
that is the stability for surfaces with boundary. In Section 2, we prove the 
high connectivity of the complexes of 1-sided arcs and of arcs between two 
sets of points. In Section 3, we deduce such high connectivity results for the 
subcomplexes of arcs with non-orientable connected complement. In Section 
4 we give the spectral sequence arguments. We prove (2) in Theorem lAl by 
showing that (3 induces an isomorphism on homology on the stable groups 
(Theorem I4.6P . This is enough by the first part of Theorem [A] and has the 
advantage that one only needs to know that a stable complex is contractible, 
a weaker statement than that of the connectivity of a sequence of complexes 
tending to infinity. (A similar idea was used in [16].) Section 5 proves the 
third part of Theorem lAl (given as Theorem 15. 7p using the complex of circles 
with non-orientable connected complement. Finally Section 6 describes the 
stable homology. We first relate the non-oriented (l+l)-cobordism category 
to the stable non-orientable mapping class group. We then use [UJ to prove 
Theorem [Bj 

I would like to thank Allen Hatcher, Nikolai Ivanov, Peter May, and in 
particular S0ren Galatius for many helpful conversations. I am also very 
grateful to lb Madsen for getting me interested in this question. In fact, the 
paper started out as a joint project with him. 



2. 1-SIDED ARCS 

In this section, we consider two families of arc complexes: 1-sided arcs, 
defined below, and arcs from one set of points in the boundary of the surface 
to another. We use a surgery method from [15] to prove that the complexes 
are highly connected. 

Let S be a surface, orientable or not. By an arc in S, we always mean an 
embedded arc intersecting dS only at its endpoints and doing so transver- 
sally. Isotopies of arcs fix their endpoints. We consider arcs with boundary 
on a fixed set of points A in dS. An arc in (S, A) is non-trivial if it is not 
isotopic to an arc of dS disjoint from A. 

Let A be an oriented set of points in dS, i.e. each point of A comes with a 
choice of an orientation of the boundary component of S it lies in. Choosing 
an orientation for each boundary component of S, we thus have two types of 
points, those with positive orientation, i.e. the same as the chosen one, and 
those with negative orientation. If S is orientable, a choice of orientation 
for S gives a choice of orientation of its boundary components and thus a 
decomposition A = A + U A - , where each subset represents an orientation 
class of points. We assume that (S, A) is non-orientable, i.e. that either S 
is non-orientable, or it has no orientation compatible with the orientations 
of the points of A on its boundary. When S is orientable, this means that 
A + and A~ must both be non-empty. 
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Figure 1: 1-sided arcs 



Definition 2.1. A 1-sided arc in (S, A) is an arc in S with boundary in A 
and whose normal bundle can be oriented in a way which is compatible with 
the orientation of its endpoints. 

Figure Q] gives some examples of 1-sided arcs. (The crossed discs in the 
figure represent Mobius bands.) Note that an arc with boundary on a single 
point of A is 1-sided if and only if it is a 1-sided curve. On the other hand, 
if S is orientable, the 1-sided arcs are the arcs with a boundary point in A + 
and the other one in A~. 

1-sided arcs as we defined them have the following property: A 1-sided 
arc stays 1-sided after cutting the surface along an arc whose interior is 
disjoint from it. As shown in Figure this is only true when we keep 
track of the orientations of the endpoints of the arcs, which can be done by 
replacing the oriented points by small oriented intervals and separating the 
arcs' endpoints on these intervals. In fact, a surface can become orientable 
after cutting along a 1-sided arc but the pair (S, A) will stay non-orientable. 

Definition 2.2. Let S be a surface with non-empty boundary, A, Aq and 
Ai be non-empty sets of points in dS with Aq H Ai = 0, and let A be a 
non-empty oriented set of points in dS. We consider the following 3 simpli- 
cial complexes: 

A(S, A) = the vertices of A(S, A) are isotopy classes of non-trivial em- 
bedded arcs with boundary points in A. A p- simplex of 
A(S, A) is a collection of p + 1 such arcs (Iq,...,I p ) inter- 
secting at most at their endpoints and not pairwise isotopic. 

J^iS, A) = the full subcomplex of A(S,A) generated by the 1-sided arcs 
of (S, A), where A is the underlying set of A. 
Ao,Ai) = the full subcomplex of A(S,Aq U Ai) of arcs with one 
boundary point in Aq and the other in A\. 

By the above remark, when S is orientable, we have 



^(5,A)^^(5,A + ,A-). 
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So T(S, A) and ^(S, Aq, Ai) are two natural generalization of ^(S, A + , A~) 
to non-orientable surfaces. We will see that the two complexes are closely 
related. 

Let A C dS be the underlying set of A or the union of two disjoint 
sets Ao and Ai. We denote by d'S the components of dS intersecting A 
and if r is the number of boundary components of S, r' will denote the 
number of components of d'S. The points of A (resp. (Ao, Ai)) subdivide 
the components of d'S into edges. We say that an edge in d'S is pure if its 
endpoints have the same orientation (resp. if its endpoints both belong to 
Ao or both to Ai). An edge is impure if it is not pure. We say that S has a 
pure boundary component if d'S has a component with only pure edges, i.e. 
where all the points are of the same type. Note that the number of impure 
edges is always even. We denote by m the number of pure edges and by I 
half the number of impure edges. 

Theorem 2.3. (1) If A is a non-empty oriented set of points in dS such that 
the pair (S, A) is non-orientable, then T(S, A) is (2h A- r + r' + I + m — Q)- 
connected, where h is the genus of S if S is non-orientable and twice its 
genus if S is orientable, and r is the number of boundary components of S. 

(2) If Aq and A\ are two disjoint non-empty sets of points in dS, then 
J-(S, Ao, Ai) is (2h + r + r' + / + m — ^-connected with r and h as above. 

When 5 is orientable, ^(S; Aq, Ai) is the complex BZ(A, Aq) of [T2] and 
the above result is a generalization of Theorem 1.6 in |14j . There is however 
a gap in the proof: Harer's proof does not treat the case when Ao and Ai 
are two points in a single boundary component. We give here a complete 
and independent proof. 

To prove Theorem 12.31 we need the following result: 

Theorem 2.4. \14\ Thm. 1.5] [15] A(S,A) is contractible unless S is a disc 
or an annulus with A contained in one boundary component of S, in which 
case it is (q + 2r — 7) -connected, where q is the order of A and r = 1, 2 is 
the number of boundary components of S. 

This theorem was originally proved by Harer in [14] for orientable surfaces 
using Thurston's theory of train tracks. Hatcher reproved the result in [15] 
using a very simple surgery argument which does not require the surface to 
be orientable. (Hatcher does not actually consider the case when S is a disc 
or an annulus with A contained in a single boundary component, but this 
is easily obtained by induction from the cases r = 1 with q = 4 and r = 2 
with q = 2 using an argument of the type used in Lemma 12.71 below. ) 

We will need Theorem 12.41 in the last part of the argument for proving 
Theorem 12.31 but we first use the surgery argument of [15] to reduce the 
problem to which can be handled by a link argument. 

Lemma 2.5. If S has at least one pure boundary component, then J-(S, A) 
(resp. F(S, Aq,A\)) is contractible. 
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Figure 2: Surgery for Lemma 12.51 



Proof. Let T denote T{S, A) or T{S, Ao, Ai) and let 8qS be a pure bound- 
ary of 5. As (5, A) is non-orientable (resp. Ao and Ai are both non-empty), 
there exists a non-trivial arc I of T with at least one boundary at a point 
p of OqS. We define a deformation retraction of J- onto the star of (I) by 
doing surgery along I towards p, a process we describe now. 

Let a = (Jo, . . . , I p ) be a simplex of T not already in the star of I. We can 
assume that the arcs Iq,...,I p intersect I minimally, so that there is no disc 
whose boundary is the union of a subarc in / and a subarc in some Ij. Any 
two such minimal positions for a are isotopic through minimal positions so 
that the following process will not depend on the choice of representing arcs 
for a. Let P = Y^j tjlj be a point of a expressed in terms of barycentric 
coordinates. We think of P as a weighted or thick family of arcs, where Ij 
has thickness tj. The arcs of P cross I with a total thickness 9 = Y2j a jtj 
where ctj = \I D For s € [0,1], define P s to be the weighted family 
of arcs obtained from P by cutting along / from p through the thickness 
up to s6 and sliding the newly created ends to p as in Fig. [2]^a). For each 
arc we surger, we create two new arcs, one of which is in T and the other 
one, which we discard, is not. To see this in the first case, we consider 
an arc J intersecting / (see Fig. [2]^b)). As J is 1-sided, its normal bundle 
can be oriented in a way which is compatible with its endpoints, so that it 
makes sense to consider the orientation of the normal bundle of J at the 
intersection with I. Only one of the two arcs obtained by surgering J along 
I is 1-sided, namely J 1 in the picture. Non-triviality of the resulting arc 
is insured by the fact that there is no trivial 1-sided arc with a boundary 
point on 8qS. (Either its other boundary is on a different boundary, or it is 
actually 1-sided as an arc in S and hence non-trivial.) 

For the second case, we just keep the only arc after surgery which still 
has a boundary in each of Ao and Ai. Non-triviality follows from the fact 
that such an arc goes between different boundary components as one of its 
endpoints is in OqS which is pure. 
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For any s £ [0,1], P s is a point in a simplex of T and P s defines a 
path from P to a point in a simplex in the star of I. The key point here is 
that along the surgery process, when we pass from a simplex (Iq, . . . , I p ) to a 
simplex (Iq, . . . , I p ), with I' the non-trivial arc obtained by surgery along Iq, 
these two simplices are faces of a larger simplex of T , namely (I' Q , Iq, . . . , I p ). 
The path lies in this larger simplex. The deformation respects the simplicial 
structure of J- and hence defines a deformation of J- onto the star of I which 
is contractible. □ 

Note that this surgery argument can be applied to many situations, as 
long as we make sure that surgery along any arc produces at least one non- 
trivial arc. This is what we will do in the next two lemmas. The last lemma 
uses a variant of the surgery argument. 



I I 




Figure 3: Surgery for Lemma 12.61 



Lemma 2.6. If S has at least one pure edge between a pure and an impure 
one in a boundary component of S, then J-(S, A) (resp. J-(S, Aq, A\)) is 
contractible. 

Proof. As before, let T denote either T{S, A) or TiS, Ao, Ai). Consider 
the arc I of J 7 (drawn for both cases in Fig. [3]) which cuts a triangle with 
the impure and the first pure edge as the other sides of the triangle — this 
arc is always non-trivial. We do surgery along / towards p, i.e. towards the 
second pure edge, as in the previous lemma. Any arc J which intersects / 
minimally but non-trivially is as in Fig. O The surgery replaces J by the 
arc J' in the figure, which cannot be trivial because of the second pure edge. 
We thus get a deformation of J 7 onto the star of / as in Lemma 12.51 □ 

The following lemma is not strictly necessary for the proof of the theorem, 
but it will simplify the proof a little bit. 

Lemma 2.7. If the complex is non-empty, adding a pure edge between two 
impure edges increases the connectivity of T(S, A) (resp. T(S, Aq, Ai)) by 
one. 

Proof. Let T be the original complex {T{S, A) or T(S, Aq, Ai)) and T' be 
the complex with an extra pure edge e between two impure edges. There 
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Figure 4: Surgery for Lemma 12.71 



are two arcs I and J of T' (as shown in Fig. U]) cutting triangles with e as 
one of the sides — these arcs are non-trivial, unless S is a disc and A has 
only 3 points, in which case the complex is empty. Note that the link of 
(J) is isomorphic to T. If J-'j denotes the subcomplex of T l of simplices not 
containing J as a vertex, we have 

T' = T'j (J Star (J). 

Link(J) 

Now T'j deformation retracts onto the star of / by a surgery argument 
along / towards p as J is the only arc that would become trivial after such a 
surgery. Hence T' is a suspension of the link of (J), and hence a suspension 
of T. □ 

For the next lemma, we restrict ourselves to the only case we really need 
for simplicity. 




Figure 5: Deformation for Lemma 12.81 



Lemma 2.8. When S has at least one impure edge and the complex is non- 
empty, adding a boundary component to S disjoint from A increases the 
connectivity of T(S, A) (resp. T{S, Aq, Ai)J by one. 
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Proof. Suppose that S is obtained from S' by capping off a boundary com- 
ponent doS' disjoint from A. Let T be T{S, A) (resp. T{S, Ao, Ai)) and 

T' be T(S', A) (resp. ^(5", A , Ai)). We call a vertex (I) of 5* spectoi 
if it cuts an annulus with OqS' as one of its boundary and with the other 
boundary consisting of one impure edge of dS and a copy of I itself. (See 
Fig. [5] where I\ is a special vertex.) Special vertices exist when the complex 
is non-empty. Let {Ij}j^j be the set of all the special vertices of T' . Note 
that all the special vertices intersect, and hence 

T' = T' sv |J Star(/ J ) 
iej 

where J-' is the subcomplex of T' of simplices not containing the vertices 
Ij, j € J , and the union is taken along the links of the special vertices as 
T' a%) n Star(Jj) = Link(/ i ). 

We define a deformation retraction of T' onto the star of (1%) as follows. 
The intersection of a simplex with I\ is always of the form shown in Fig. [5j 
We deform the simplex as in the surgery argument but by passing the arcs 
one by one over 8qS' instead of surgering them along some arc. The only 
arcs that would become trivial after such a deformation are the other special 
vertices as they would separate a trivial disc union an annulus with doS' as 
one of its boundaries, glued along an arc of I\. Such an arc needs to have its 
two endpoints on the same boundary component of S' , with the endpoints 
forming an impure edge. We thus get a deformation retraction of T' s onto 
the star of /. Noting now that the link of a special vertex is isomorphic to 
J-, we have that T' is a wedge of suspensions of copies of T and thus is one 
more connected. □ 

Proof of Theorem \2.S\ (This part of the argument is missing in [14] . It 
requires an intricate link argument which we learned from [E].) As before, 
let JF denote either T(S, A) or !F(S, Ao, Ai). The theorem is obviously true 
in the cases where we have already shown that J- is contractible, i.e. when 
S has a pure boundary component (Lemma 12. 5ft or a component with an 
impure edge followed by at least two pure edges (Lemma l2.6j) . We will prove 
the other cases by induction on the lexicographically ordered triple (h,r,q), 
where the (doubled) genus h > 0, the number of boundaries r > 1 and 
q = 21 + m > 1 is the cardinality of A (q > 2 in the case J- = J-(S, Ao, Ai)). 
We can assume I > 1 and by Lemmas l2.7U2.6l and l2.81 it is enough to consider 
the case when m = and r = r' unless this case is empty. Emptyness occurs 
when h = 0, r = r' = 1 and I = 1,2, in which case non-emptyness requires 
r + I + m = 4. There are 5 such cases, which are easily checked, and the 
lemmas can be applied to these cases to increase m and (r — r'). 

So consider a surface S and a set A (resp. a pair of sets (Ao, Ai)) in dS 
with r = r' and m = (and I > 3 if h = and r = 1). We need to show that 
T is (2h+2r+l — 6)-connected. The induction starts with (h, r, q) = (0, 1, 6), 
where q = 21 as m = 0. It is easy to check that T is non-empty in this case. 
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Fix now a surface S with its corresponding tuple (h, r, q) and let k < 
2h + 2r + I — 6 and / : S k — > T be any map. Forgetting the orientation of 
the points of A (resp. taking A = Ao U Ai) gives an inclusion 

T ^ A(S,A). 

When A(S, A) is contractible, we can extend / to a map of the disc in 
A(S, A). To do this is general, by Theorem 12.41 we need 2h + 2r + I — 6 < 
2r + q — 7 when h = and r = 1 (as we assume r' = r), which is clear as 
q = 21 > 6 in this case. 

Choose an extension / of /: 

S k >F 

D k+1 — f -^A(S,A) 

We may assume that / is simplicial with respect to some triangulation of 
D k+l . We want to deform it so that its image lies in T . We do this by 
induction. 

Let a be a bad simplex of D k+l , i.e. one whose image lies in A(S, A)\J- 
so that all the arcs of a are pure. Cutting S along the arcs of a, we have in 
the first case 

(S, A)\cr = (X 1 , A\) U ■ • ■ U (X c , A c ) U (Y 1 , Tx) U • • • U (Y d , T d ) 

where each (Xi, Aj) is non-orientable and each Yj is orientable in a way 
which is compatible with the points T{ inherited from A. (To obtain an 
orientation of the points of A inherited in S\a, replace each oriented point 
p by a small oriented interval and pull apart the arcs with boundary at p, so 
that they have boundary on the oriented arc but do not intersect anymore. 
In S\a, we now get small oriented intervals, which we can replace back by 
oriented points.) In the second case, 

(S, A , Ai)\<7 = (X u Al, A\) U • • • U (X c , A c , A?) U (Y u r x ) U • • • U (Y d , T d ) 

where each A* is a non-empty set in dS inherited from A e , and Tj is a subset 
of either Ao or Ai, i.e. the Yfs have only points of one type. 

Let Y a = ii(Y\) U • • • U i d (Y d ), where ij : Yj • — > S is the canonical inclusion 
— which is not necessarily injective on dYj. Note that each component of 
Y a has only points of one type in its boundary. We say that a is regular if 
no arc of a lies inside Y a . When a is regular, Y a is the disjoint union of the 
Yj's with the points p £ Tj and p' G Tj' identified if they come from the 
same point of A. 

Let a be a regular bad p-simplex of D k+1 maximal with respect to the 
ordered pair (Y a ,p), where (Y',p') < (Y,p) if Y' £1 Y with dY'\dY a union 
of non-trivial arcs in Y, or if Y' = Y and p' < p. Then / restricts on the 
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link of a to a map 
Link(a) S k ' p ^J a = T{X X ) * • • • * T{X C ) * A(Y 1} r x ) * • ■ ■ * -4(Y d ,r d ) 

where .F(Xj) = JpQ, Aj) in the first case and F(Xi) = F(Xi, A^, A\) in 
the other case. Indeed, if a simplex r in the link of a maps to pure arcs of 
Xi for some i, then Y a C Y T * CT and either Y r;MT > Y a , or Y rw = Y s and a 
was not of maximal dimension. (On the other hand arcs of A(Yj,Tj) could 
not be added to a by regularity.) 

In the case when one of the Yj's has non-zero genus or bj = b'- > 1 
boundaries, A(Yj,Tj) is contractible and hence so is J a . Suppose that all 
the Yj 's have genus and bj = 1, i.e. Yj is a disc. We want to calculate the 
connectivity of J CT . 

We have x(5\cr) = x(S) + p' + 1, where p' + 1 < p + 1 is the number of 
distinct arcs in the image of a. If Xi has genus hi and = r- boundaries, 
the above equation gives 

Ei=i( 2 - fci-r i ) + d = 2- /»-r+p' + l 

^ ELiOi + r») = /» + r -p' + 2c + d - 3. 
Moreover, we have 

Si=i m « + Sj=i 9? = 2p' + 2, where is the number of pure edges in Xi 
and qj = \Tj\, and Yli=i h = I, where l{ is half the number of impure edges 
in Xi. 

By induction, T{Xi) is (2/ij + 2r^ + ^ + — 6)-connected. Indeed for each 
i, we have (hi,ri,qi) < (h,r,q). On the other hand, A(Yj,Tj) is (<Zj — 5)- 
connected. Thus we get 

Conn(J CT ) > Ei=i( 2 ^ + ^ +l i + m i -4) + £j =1 (fc- - 3) - 2 
= 2/i + 2r - 2p' + 4c + 2d - 6 + Z + 2p' + 2 - 4c - 3d - 2 
= 2/i + 2r + /- d- 6>2/i + 2r + Z- p- 6>£;-p 

because 3d < p + 1, and hence d < p, as the edges of Yj are arcs of a, 

minimum three edges are needed for a non-trivial Yj and the same edge 

cannot be used for several Yj's by regularity of s. 

So we can modify / on the interior of the star of a using a map 

f*F : da * D k ~ p+1 S Star(a) — > 4(5, A) 

where F : -> J CT is a map restricting to / on the boundary of 

jjk-p+i wn j cn i s identified with the link of a. We are left to show that we 
have improved the situation this way. The new simplices are of the form 
r = a * with a a proper face of a and (5 mapping to J a . Suppose r is a 
regular bad simplex. Then each arc of (3 is pure and hence in A(Yj,Tj) for 
some j. Thus Y T C Y a . If they are equal, we must have r = a is a face of a 
(by regularity of r and a). So (Y T ,dim(r)) < (Y a ,p) and the result follows 
by induction. □ 
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3. Better 1-sided arcs 

To prove homological stability in the orientable case, one needs to pass 
to the subcomplexes of non-separating arc systems, that is arc systems 
a = (Jo j ••• j Ip) such that their complement S\o~ is connected. This serves 
the double purpose of reducing the number of orbits for the action of the 
mapping class group on these complexes, while restricting to simplices with 
the property that the inclusion of their stabilizer into the group is a compo- 
sition of stabilization maps. When the surface is not orientable, in addition 
to discarding separating arc systems among the systems of 1-sided arcs, one 
also needs to eliminate arc systems with orientable complement. In this 
section, we use the results of Section 2 to prove that the complex Q(S, A) of 
1-sided arcs with connected non-orientable complement is highly connected. 
We also show that the analogous complex Q(S, ~po,~pi) of 1-sided arcs be- 
tween two points on different boundary components of the surface stabilizes 
to a contractible complex. 

Definition 3.1. Let S be any surface (orientable or not), A an oriented 
set of points in dS and Aq,A\ two disjoint sets of points in dS. 
BX(S, A) = the subcomplex of J-(S, A) of simplices with connected com- 
plement. 

BX(S, Aq, Ai) = the subcomplex of J-(S, Aq, Ax) of simplices with con- 
nected complement. 
For S non-orientable, we consider moreover the following subcomplexes: 
G(S, A) = the subcomplex of BX(S, A) of simplices with non-orientable 

(connected) complement. 
Q(S, Ao,Ai) = the subcomplex of BX(S, Aq, Ai) of simplices with non- 
orientable (connected) complement. 

One could also allow simplices of Q(S, A) to have genus complement, 
when all their faces are in Q(S, A). However, this does not improve the 
stability range. (In our argument, this is reflected by the fact that the 
inequality in Proposition 14.1( d) would not be improved.) 

The following result was proved in the orientable case in p3] . We include 
the argument for convenience, even though it is standard. 

Theorem 3.2. (1) If A is a non-empty oriented set of points in dS such 
that (S, A) is non-orientable, then BX(S, A) is (h+r' — 3) -connected, where 
h is the genus of S or twice its genus if S is orientable, and r' is the number 
of components of dS with points of A . 

(2) // Ao,Ai are two disjoint non-empty sets of points in dS, then the 
complex BX{S, Aq, Ai) is {h + r' — 3)- connected, for h and r' as above. 

Proof. We prove both cases in the theorem simultaneously by induction on 
the triple (h,r,q), where r is the number of components of dS and q = 
I A | > 1 (resp. q = |Aq U Ai| > 2). To start the induction, note that the 
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theorem is true when h = and r' < 2 for any r > r' and any q, and more 
generally that the complex is non-empty whenever r' > 2 or h > 1. 

Let BX denote either BX(S, A) or BX(S, A , Ai), and .F denote F(S, A) 
or Ao, Ai) accordingly, and suppose that (h,r,q) > (0,3,2) (as q > 2 
when /i = 0). Then h-\- r 1 — 2> <2h + r + r 1 + I + m — 6. Indeed, r > 1 and 
/ + m > 1. Moreover we assumed that either r > 3 or h > 1. 

Fix k < h + r' — 3 and consider a map / : S* fc — ► 6X. This map can be 
extended to a map / : D k+1 — > T by Theorem 12, 31 with / simplicial for some 
triangulation of D k+1 . We call a simplex a of D fc+1 regular bad if /(c) = 
(Jo, ... , ip) and each Ij separates S\{Io, . . . , Ij, . . . , I p }. Let c be a regular 
bad simplex of maximal dimension. Suppose that S\a = X\ U • • • U X c . By 
maximality of a, f restricts to a map 

Link(cr) — > J a = BX(X l ) * • • • * BX(X C ) 

where BX(Xi) = BX(Xi, Aj) in the first case, with (Xj, Aj) non-orientable 
as the arcs of a are 1-sided, and BX(Xi) = BX(Xi, A , A\) in the second 
case, with each A* non-empty as the arcs of a are impure. Each Xi has 
(hi,ri,qi) < (h,r,q), so by induction BX{X{) is {hi + r[ — 3)-connected. 
The Euler characteristic gives — hi — r[) = 2 — h — n + p + 1. Now J a 

is (^Ziihi + r[ — 1) — 2)-connected, that is {h + r' — p + c — 5)-connected. 
As c > 2, we can extend the restriction of / to Link(<r) ~ S k ~ p to a map 
F : D k+1 ~ p — > J a . We modify / on the interior of the star of a using f * F 
on da * D k+1 ~ p = Star(cr) as in the proof of Theorem 12.31 If a simplex a* (3 
in da * d^+^-p j s re gular bad, (3 must be trivial since simplices of D k+1 ~ p 
do not separate S\f(a), so that a * (3 = a is a face of a. We have thus 
reduced the number of regular bad simplices of maximal dimension and the 
result follows by induction. □ 

Theorem 3.3. Let S be a non-orientable surface of genus n > 1. 

(1) For A a non-empty oriented set of points in dS, Q{S, A) is (n+r 1 — 4)- 
connected, where r' is the number of components of dS intersecting A . 

(2) For Ao, Ai two non-empty disjoint sets of points in dS, Q(S, Aq, Ai) 
is (n + r' — 4) -connected, with r' as above. 

Proof. Fix k < n+r' — 4 and let Q denote either G(S, A) or G(S, Aq, Ai) and 
BX denote BX(S, A) or BX(S, A , Ai) accordingly. Any map / : S k -» Q 
can be extended to a map / : D k+l -» SA" by TheoremESl with / simplicial 
for some triangulation of D k+l . 

A simplex u of D k+1 is called regular bad if /(c) = (Iq, . . . , I p ) with 
<S\{Io, . . . , Ip} orientable but S\{Io, I p } non-orientable for each 
j. Note that each simplex (Iq, . . . , I p ) of with orientable complement 
contains a unique regular bad subsimplex, namely the subsimplex consisting 
of the arcs Ij such that S\{Iq, . . . , Ij, . . . , I p } is non-orientable. 
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Let a be a regular bad simplex of maximal dimension in D k+1 . As a 
is maximal, / : Link(o") — > BX(S\f(a)). (Maximality is needed here in 
case there are vertices in the link of a mapping to some arc already in the 
image of a.) The surface S\f(o~) is orientable of genus g with b boundary 
components, with 2 — 2g — b = 2 — n — r +p+ 1. In particular, BX(S\f(a)) 
is (n + r 1 — p — 4)-connected by Theorem 13.21 Hence we can extend the 
restriction of / to Link(cj) ~ S k ~ p to a map F : D k ~P +1 -> BX(S\f). We 
modify / in the interior of the star of a as in the previous theorems, using 
f * F : da* D k+1 ~P 2* Star(cr) -» BX. We claim that this reduces the 
number of regular bad simplices of maximal dimension. Indeed, consider 
a simplex a * j3 of da * D k+l ~P . Suppose first that there exists an arc Ij 
in f(a)\f(a). Since F(f3) does not separate S\f(a), there exists an arc J 
in S\(f(a) * F((3)) joining the two copies of the midpoint of Ij. The arc 
J closes up to a 1-sided circle in S\(f(a) * F((3)) as S\f(a) is orientable 
and S\{Io, . . . ,Ij, . . . ,I p } is non-orientable. Hence /(a) * F(f3) has non- 
orientable complement. On the other hand, if f(a) = f(a), then a is the 
regular bad subsimplex of a * j3, of dimension strictly smaller than a. So 
modifying / in the interior of the star of a reduced the number of regular 
bad simplices of maximal dimension. The result follows by induction. □ 

Definition 3.4. Let S be a non-orientable surface and Aq and Ai be two 

disjoint oriented sets of points in dS. 

G(S, Ao, Ai) = G(S, Ao, Ai) n G(S, A), where Aj is the underlying set 
of Ai and A = A U A i . 

When S is orientable, this corresponds to having four sets of points 
Ao, Ai, A2, A3 in dS and considering the complex of arcs between Ao and 
Ai and between A2 and A3 (with connected complement). These complexes 
can be shown to be highly connected in some particular cases but it seems 
hard to show high connectivity in general. For our purpose, it is however 
enough to prove a weaker statement, namely that the complex with Ao 
and Ai being single points in different boundary components of S becomes 
contractible when the genus tends to infinity. 

Consider ~po £ and ~p\ G d\S, two oriented points in a non-orientable 
surface S with at least two boundary components doS,d±S. Let 

be the map that glues a Mobius band identifying part of its boundary to 
part of 8qS, away from po (see Fig. [6J. The map a induces an inclusion 
G(S n>r , ~po, ~Pi) ^ G(S n+1>r , ~pb) ~Pi)- Let 

Goo,r = colim( G(S n>r , ~Po, Pi) G(S n+ i >r , ~p , ~Pl) • • • ) 
Theorem 3.5. Goo.r is contractible for any r > 2. 
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Figure 6: The map a 



Proof. Let / : S m — > (7oo,r be a map. As the sphere is compact, this map 
factors through G(S n ,r,~Po,~Pi) for some n large. Now G(S n ,r,~Po,~Pi) C 
^(<S'n,r,P0)Pi) and we choose n to be large enough so that the latter complex 
is at least m-connected. This is possible by Theorem 13.31 Hence / extends 
to a map /' : D m+l — > G(S njr ,po,pi) which we can assume is simplicial 
for some triangulation of the disc. Our goal is to construct from /' a map 
/" : D m +! -> g(S n+2m+i , r , ^o, Pi) which extends a 2m+4 o /: 

S m > G(S n , r , p 0) Pi) > G(S n +2m+A,r, PO, Pi) 

-A 

/ 

/ 

Ar jl ▼ / 

L» m+1 ► <?(Sn,r,Po,Pi) 



For an arc 7 £ G(S ntr ,po,pi), there are m+2 canonical lifts to the complex 
£?(»S n _i_2m+4,r, Po ? Pi) defined as follows: we consider the 2m+4 extra Mobius 
bands in S' n +2m+4,r grouped two by two as in Fig. [7J For each < j < 
m + 1, define 7 J to be the arc which follows 7 from p\ to arriving on 
the left of 7 at po then goes through the (2j + l)st extra Mobius band, and 
through the (2j + 2)nd if 7 was already 1-sided, then back to po as in the 
picture. Note that (7, 7°, . . . , 7 m ) is a simplex of G(S n +2m+4,r,Po,Pi) and of 
G{S n +2m+4,r, Po, Pi) if 7 was already 1-sided. 

For a simplex a = (Iq, . . . , I p ) of £?(<S'n,r;P0jPi) with p < m + 1 and with 
7q, . . . ,I p in the left to right order at po, we define the canonical lifting 
a £ G{S n+ 2m+4,r, Po, Pi) by 

a = (7 °,7 1 1 ,...,7p. 

(Fig. [7] gives the case p = 1 with 7o a 2-sided arc and I\ a 1-sided one.) 
The arcs have the property that (7q , . . . , 7j , Ij, . . . , I p ) is a (p + l)-simplex 
of ^(5 n+2m +4,r-,Po,Pl) for each j and of ^(S , n+2 m+4,r, Po, Pi) if the arcs 
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Figure 7: Lift of simplices 



Ij, . . . ,I p are 1-sided. Moreover (Jq°, . . . , f? , I? , If+l . . . ,fp) is a simplex 
of Q(S n+2m+ 4„r, "po, ~Pi) whenever i < ■ • • < < i'j < < ■ ■ ■ < i' p . 

More generally, the arcs of a simplex a and their lifts form a poset defined 
by / < J for /, J in cr if / is to the left of J at po, I k < I for any / in a and 
I k < J 1 ii k < I and I < J. A chain of inequalities in the poset corresponds 
to a simplex of G(S n+ 2 m +4,,r,Po,Pi) and of G(S n+ 2 m +4,r, Po, ~Pi) if the arcs 
are 1-sided. 

Let Simp(L> m+1 ) denote the category of simplices of D m+1 . Consider the 
simplicial space (bisimplicial set) 

K = hocolim Simp ( D m+i)F 

where F : Simp(L> m+1 ) — ► SSets is defined by F(a) = A p if a is a p-simplex 
of D m+1 . The realization of K gives a new cell structure on D m+1 = K 
with a cell A p x A q for each p-simplex to of D m+1 and q-chain of face 
inclusions tq ^ . . . ^ r q . We think of it as a cellular decomposition of the 
top simplices of D m+1 . (In Fig. Owe show what a 2-simplex of D m+1 is 
replaced by in K.) 




Figure 8: D m+1 and K 
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We define /" : K — > (?(<S , n +2m+4,r> Po> ~P\) as follows. First define /" on 
the cells of the form A p x {*} associated to the simplices of D m+1 . If r 
is a p-simplex of D m+1 , f"(r) = f(r) if r lies in the boundary of D m+ , 
and /"(r) = f if r lies in the interior of D m+1 . On the boundary, this is 
the original map /, and thus defines a simplicial map, but on the interior 
of D m+1 , if r is a face of a, f"{j) is not necessarily a face of f"(cr), as the 
lifts of the arcs of r may be different in f and a. It is to make up for this 
difference that we have to replace D m+1 by K. 

For each chain of face inclusions f = tq <^-> ... r q in D m+1 , with 
T o = (-^o < " " " < Ip) m the interior of D m+1 , we define /"(f) to be the 
following A p x A q subcomplex of G(S n+ 2m+4:,r, Po, ~Pi)'- 

< ... < II 

A 

< ... < I'/ 

A 
A 

< ... < I l p P 

i k 

where I- j is the lift of Ij in ffe. As To is a face of Tfc, we must have > 
j. Similarly, ij < i l - whenever k < I as is a face of rj. Hence this 
forms a A p x A 9 -subcomplex of G(S n+ 2 m +4:,r, ~Po, ~P\)- If to, ... , tj are in 
the boundary of D m+1 , modify the definition of /" above by using /(to) on 
the kth row in the table for each < k < j and reversing some inequalities: 

I < ... < I p 

V ... V 

r < < t p 

The map /" respects the simplicial structure of K and is an extension of / 
by construction. □ 

4. SPECTRAL SEQUENCE ARGUMENT 

In this section, we prove the stability theorem for surfaces with bound- 
aries. We first show that the map a : Ai n ,r ~^ -M n +i,r induces an isomor- 
phism in homology in a range, using the action of M n ,r on the complex 
G{S n ,r, ~p) of good 1-sided arcs with boundary on a single point p. We then 
show that the stabilization map (5 : Ai n ,r — > -Mn.r+i induces an isomor- 
phism in homology between the stable groups Moo,r — > -Moo.r+i- For this, 
we use the action of A^ n ,r+l on the stable complex Qoo.r+i- Combining the 
two results gives the desired stability statement for (3. 

For the proof of (1) in Theorem lAl we use the relative spectral sequence 
argument. With a little extra work, one can use the non-relative argument, 
which in the orientable case gives a better stability bound (with slope 2 
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instead of slope 3). However, that second argument does not improve the 
bound in our case. The slope 4 comes from the geometry of the complexes 
we use, namely from the fact that cutting along an arc in a non-orientable 
surface can reduce the genus by 2 (that is by 1 orientable genus). 

4.1. Stabilization by projective planes. Let S nr be a non-orientable 

surface of genus n with r > 1 boundary components, and consider G(S n ^ r , A) 

where A = ~p is a single point in a boundary component OqS of S. The 
mapping class group -A4 n ,r := vroDiff (S n>r rel d) acts on Q(S, ~p). The map 
a : S n>r — ► S^-fl r shown in Fig. [6] induces an inclusion of simplicial com- 
plexes 

a : X n = G(S n>r , A) — > X n+ i = <7(jS n +i )r , A) 

which is A^n^-equivariant, where A4 n ,r acts on X n+ \ via the map M. n ,r —* 
Ai n+ i^ r also induced by a, extending the diffeomorphisms by the identity 
on the added Mobius band. 

Proposition 4.1. The action of Jv[ nr on Q(S n ^ r , p) has the following prop- 
erties: 

(a) M n ^ r acts transitively on the vertices of Q(S n ^ r ,~p) . 

(b) An upper bound on the number of orbits of q-simplices is > 
the number of possible orderings of the arcs at p. 

(c) For a q-simplex a of Q(S n ^ r ,~p), the possible diffeomorphism types of 
its complement S\o~ are S n _k,r+k-q-i where q + l<k<2q + l. Moreover, 
the stabilizer of a is isomorphic to M(S\o~). 

(d) The map a : G{S n , r ,~p) — ► G(S n+ i :r , ~p) gives a 1-1 correspondence 
between the orbits of q-simplices of G(S njr ,~p) and the orbits of q-simplices 
of G(S n+ i :r , p) whenever n>2q + 2. 

Proof. Let a be a g-simplex of G{S n _ r , ~p). By assumption, S\a is connected 
and non-orientable. The ordering of the arcs of a at p, combined with their 
1-sidedness in S, determines the number of boundary components of S\o~, 
and hence its genus by Euler characteristic. The ordering of the arcs also 
determines the boundary pattern, i.e. how the copies of the arcs of a lie in 
d(S\a), so that if a and a' have the same ordering type at p, there is a 
diffeomorphism S\a — > S\a' which takes the jth arc of a to the r(j)th arc 
of a' for some signed permutation r 6 ^ q +i J ^2- This proves (b), and (a) 
follows from the fact that there is only one way to order one arc. 

Cutting along the arcs of o one by one, the first arc is always 1-sided, 
so the total number of boundary components, which cannot decrease, can 
at most increase by q. Hence S\o~ has r + j boundary components and 
genus n — j — q — 1 for some < j < q. Moreover, a diffeomorphism of S 
which fixes dS pointwise and fixes a, fixes a pointwise, and is isotopic to a 
diffeomorphism fixing the arcs of a pointwise. This proves (c). 

If n > 2g+2, all possible orderings of the arcs of a g-simplex are realizable. 
Indeed, they can be obtained from a surface of genus n — j — q — 1, with j 
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the same constant as above, by doing appropriate boundary identifications, 
these identifications forming the arcs of a simplex. This is possible precisely 
when n — j — q — 1 > lso that the complement of the arcs is a non- 
orientable surface. As the orbits of g-simplices are in 1-1 correspondence 
with the realizable orderings at p, there are in 1-1 correspondence for any 
n > 2q + 2, and a induces such a correspondence. □ 

Theorem 4.2. The map a : Hi{M n>r \T?j — ► Hi(A4 n+ i tr ;Z) is surjective 
when n > Ai and is an isomorphism when n > 4i + 3. 

Proof. We use the relative spectral sequence argument of [32], which we 
briefly recall here. 

Let X n denote G{S n>T ,~p) as before. For short, we write M. n for M. n ^ r . 
The map a induces a map of double complexes: 

E*M n ®M n C*(X n ) — ► E^Mn+l ®M n +i C*(X n+ i) 

where E*M n is a free resolution of A4 n and C^^Xn) is the augmented chain 
complex of X n . We take a level- wise cone of this map to obtain a double 
complex 

C p! g = (E q -iM n ® Mn C p (X n )) © (E q M n+1 ®Mn+l 

C p {X n+ i)) 

and consider the two associated spectral sequences. 

The first spectral sequence, taking the homology in the p direction first, 
has Ep q = when p < n — 3 by Theorem 13. 31 as r' = 1. The second spectral 
sequence thus converges to when p + q < n — 3. Using Shapiro's lemma, 
when n > 2p + 2 this second sequence has £' 1 -term 

E l, q = H q (St n+1 (a),St n (a)) , E\ q = H q (M n+1 ,M n ) 

where O p , for p > 0, is the set of orbits of p-simplices in X n or X n+ i (which 
are isomorphic under the assumption) , St n (a) denotes the stabilizer of a in 
X n and the inclusion St n (cr) — > St n+ i(o~) is induced by a. 

We prove the theorem by induction on the degree of the homology. The 
result is obviously true when i = for any n, r. Suppose it is true for all 
i < q. We start by showing surjectivity when i = q. So suppose n > 4q. 

First consider the boundary map d 1 : Eq q = H q (St n+ i(ao), St n (ao)) — > 
E_i q = Hq(M n +i,M n )- As n > 4q and q > 1, we have q — 1 < n — 3 
and thus E i _ 1 must be killed before we reach E°° . The sources of dif- 
ferentials to E_ lq are the terms Ej >q _ s = © cre o s Hq-s{St n+ i(a), St n (a)), 
where < s < q. (We need n > 2s + 2 for the isomorphism between the 
sets of orbits, and this is satisfied as s < q and q > 1.) When s > 1, 
by induction we have E\ q _ s = 0. Indeed, the stabilizer of an s-simplex 
St n (a) * M n—k,r+k—s—i where s + l<fc<2s + l. By induction, the map 
Hg- s (St n (a s )) H q -s(Stn+i{(Ts)) is surjective when n — k > A(q — s), which 
is satisfied if n — 2s — 1 > 4q — 4s, i.e. if n > Aq — 2s + 1, and we assumed 
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n > Aq and s > 1. The map H q - s -i(St n (a s )) -> iJg_ s _i(5t n+ i((T s )) is 
injective when n — k > A{q — s — 1) + 3 = 4g — 4s — 1, which is a weaker 
condition. So the relative groups are zero under our assumption and the 
map d 1 above must be surjective. Now a diagram chase in 



H q (St n+ i(a )) 



-*Hq(M n +l] 



d 1 



H q (St n+1 (a ), St n (a )) » H q {M n+ i,M r 

o 

H g -i(St n (<T )) 



H q _ 1 (St n+1 (a )) 

shows that H q (M n +i,M n ) = 0. Here we use that n — 1 > 4(g — 1) + 3, 
i.e. n > 4g, so that the bottom map is an isomorphism, and that the com- 
position H q (St n+ i(ao)) — > H q {M. n+ \) — > H q (M n+ \, Ad n ) is zero because 

the following diagram commutes: H q {St n+ i{ao)) > H q {M. n+ i) This is 

Id 

H q {M n ) ^H q (M n +i) 

equivalent to the fact that M n+ i^ r acts transitively on the 0-simplices of 



E_ lq+1 . Assume now that 



To show injectivity, we consider d 1 : Eq +1 
n> Aq + 3. We have q < n — 3, so E_ lq+1 must be killed. The sources of dif- 
ferentials to it are the terms El g „ s+1 = © - g o s Hq-s+i(St n +i(a), St n (a)), 
where < s < q + 1 (as n > 2q + 4). When s > 1, each of these is by 
induction. Indeed, we need n — k > 4(q — s + 1) for all s + 1 < k < 2s + 1, 
i.e. n > 4g — 2s + 5 which is satisfied by assumption as s > 1. (We also 
need n — k > 4(q — s) + 3, which is a weaker condition.) This shows that 
the above d 1 must be surjective. A diagram chase in 

-> H q (St n (a )) 



H q+ i(St n+ i(ao), St n (a )) 
d 1 

H q+1 (M n+ i,M n ) 

shows that a must be injective. Here we use that there is an isomorphism i 
making the following diagram commute: H q {St n {ao)) — — > H q (St n+ i(ao)) 



-> H q {M n ) 



->H q (M n+1 ] 



H q (St n (a )) 



-> H q (M n ) 
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which shows that the composition H q+ i(St n+ i(ao), St n (ao)) — > H q (St n (ao)) 
— ► H q (A4 n ) is zero. (Thinking of M. n as St n +i(a' Q ) and St n (ao) as St n +i(cro* 
a' ) for a' in X n +i defined by an arc in S n +i >r — S nir , this isomorphism i 
can be obtained by conjugating by a diffeomorphism of S n +i jr which maps 
o"o to o"q and fixes everything else outside a neighborhood of a® * o~' . ) □ 

4.2. Stabilization with respect to boundaries. For r > 1, let /3 : 

■M^r — > M. nj r+i be the map induced by gluing a band on <9o<S as in 
Fig. [9l As shown in the figure, (3 commutes with a : M. nt r — ► A4 n +i jr , 
so that it induces a map on the stable groups (3 : Moo,r — ► Aloo,r-+i) where 
>!oo,r = colim(A4 n ,r- A A4 n+ i,. r A . . . ). 



Recall that Goo,r = colim(£ \S n y po, Pi) ->• ^(^n+v; Po, Pi) — ► •••)> 
where po an d pi are each single oriented points on different boundary 
components of S and r > 2. The action of M n>r on G(S n y po, pi) extends 
to an action of A^oo.r on Goo r- 

Proposition 4.3. The action of Moo,r on Goo,r has the following properties: 

(a) There is only one orbit of vertices. 

(b) There are (p + 1)! orbits of p-simplices, corresponding to the possible 
changes of ordering from po to p\ . 

(c) The stabilizer of a p- simplex is isomorphic to M.^ r —i+k for some 
< < p. 

Proof. Let a, a' be two p-simplices of Goo- They both lie in G{S n y po, pi) 
for some n large. As in Prop. 14.14 the orbits of the action of M n ,r on 
G(S n y, po, Pi) correspond to the possible orderings of the arcs, and a in- 
duces an isomorphism between these sets of orbits once n is large enough. 

The stabilizer of a for the action of A4 n , jT . on G{S n y po, pi) is isomorphic 
to M. n -k- Pj r-i+k for some < k < p. So Moo,r-i+k is a subgroup of the 
stabilizer of a. On the other hand, if g € Moo,r stabilizes a, then g is in 
M m , r for some m large, stabilizing a m ~ n (a). Hence g G A4 m -k- p , r -i+k 
with the same k as above. □ 

Proposition 4.4. Hi{Goo/Moo) = for all i > 0. 




(X 



Figure 9: (3 commutes with a 
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The proof is identical to the proof of Lemma 3.3 of [H]. We give it here 
for completeness. 

Proof. Goo/M oo is a CW-complex with a p-cell for each ordering (i,Q, . . . , ip) 
of the set {0, . . . ,p} and boundary map given by 

n 

dp(i ,.. .,i p ) = ^(-1) j (tj(«o), ■ ,Tj(i p )) 

3=0 

where Tj(n) = n for n < ij and Tj(n) = n — 1 for n > ij. Now the map 
D p : CpiGoo/Moo) -> Cp+^Goo/Moo) defined by 

D p (i , . . . ,i p ) = (p + 1, io, . . . , i p ) 

satisfies Dd + dD = Id, so that the identity and the zero maps are chain 
homotopic. □ 

Lemma 4.5. The map : Hi(Ai ntr ;7 J ) — ► Hi(M n ,r+l'i Z) * s infective for 
any r > 1 and any n > 0. 

Proof. Note that /3 : — ► A^ n +i,r has a left inverse induced by gluing a 
disc on one of the new boundary components. □ 

Theorem 4.6. The map j3i ■ Hi{M. 00 y 1 'L) — > Hi(M. oa ^ r+ i;'L) is an isomor- 
phism for all i. 

Corollary 4.7. T/ie map : H^Mn^l,) — ► iJj(A^ nr +i; Z) zs an iso- 
morphism when n > Ai + 3 /or any r > 1 . 

Proof of the corollary. This follows from the commutativity of the following 
diagram: 



Hi(Moo,r',Z) Hi(Moo,r+i;Z) 
where the vertical arrows are isomorphisms by Theorem 14.21 and the bottom 
one by Theorem 14.61 □ 

Proof of the theorem. The result is true when i = 0. By the lemma, we 
only need to prove surjectivity. We do this by induction on i, supposing the 
result is true for alii < q. 

We use the spectral sequences for the action of A4oo,r+i om. Goo,r+i: 
for the double complex 

E q Moo,r+l ®Moo,r+l C p (Goc,r+l)- 

The first spectral sequence has Ep = as Goo is contractible (Thm. 13. 5|) . 
so the second spectral sequence converges to 0. Its E 1 term is Ep = 
©o-eOp H g (St(cr)). The first differential 

d 1 : El >q = H q (St(a )) E\ q = H^M^r+i) 
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is the map (3 q we are interested in. The jth row in the E -term of the spec- 
tral sequence computes the homology of Goo/ Moo with local coefficients in 
Hj(St(a)). If a p is a p-simplex, St(a p ) = Moo,r+k for some < k < p 
(Prop. 14.3)1 . The restriction of the differential d 1 : ■ — > Ep_ X j to a 
summand Hj(St(a)) is given by the alternating sum of the p + 1 homo- 
morphisms corresponding to the face maps. Each face of <r p is ha p -i for 
<7 p _i a representative of an orbit of (p — l)-simplices and h some element 
of M oo.r+l; 8-nd the summand of d^ corresponding to this face is the map 
c/j : Hj(St(a p )) — > Hj(St(a p -i) induced by conjugation by h. These maps 
fit into a diagram 

fl"j(.Moo,r+l) ~ ^i(-A^oo,r+l) 

where the bottom map is the identity as it is given by an inner automor- 
phism. By induction, when j < q the vertical maps are isomorphisms and 
hence the coefficient system is trivial. Using Prop. 14.41 we get that the E 2 - 
term is trivial below the qth line. So d 1 : Eq — > E_± is the only map that 
can kill E_ x and hence it must be surjective. □ 



5. CLOSED SURFACES 

In this section, we prove the stability theorem for closed surfaces. In 
a non-orientable surface, there are 4 types of embedded circles: there are 
1-sided and 2-sided circles, with orientable or non-orientable complement. 
(However, 2-sided circles with orientable complement exist only in surfaces 
of even genus, and 1-sided circles with orientable complement exist only 
in odd genus surfaces.) We show that the complex of embedded circles 
with connected, non-orientable complement is highly connected using the 
connectivity of the complex of all circles given in [18] . Part (3) of Theorem lAl 
is then proved by comparing the spectral sequence for the action of the 
mapping class group on that complex for a closed surface and for a surface 
with one boundary component. 

We say that an embedded circle in S is non- degenerate if it does not bound 
a disc or a Mdbius band, and is not isotopic to a boundary component of S. 

Definition 5.1. For any surface S, define 

C(S) = the simplicial complex whose vertices are isotopy classes of 
non- degenerate embedded circles in S. A p-simplex in C(S) is 
a collection of p + 1 circles (Co, . . . , C p ) embeddable disjointly 
and non-pairwise isotopic. 
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One could alternatively work with the complex Ivanov denotes C(S) which 
allows the curves bounding a Mobius band. A retraction C(S) — > C(S) is 
obtained by mapping such a curve to the core of the Mobius band. 

Theorem 5.2. [Ml Thm. 2.6] C(S) is (e(S)-l)- connected (resp. (e(S)-2)- 
or (e(S) — 3) -connected) when S has (resp. 1 or more than 2) boundary 
components, where e(S) = —x(&) ^ ^ e opposite of the Euler characteristic 
ofS. 

As for arcs, we need to consider the sub complexes of curve systems with 
connected non-orientable complement. 

Definition 5.3. Let S be any surface. 

Cq(S) = the subcomplex ofC(S) consisting of simplices with connected 
complement. 

For S non-orientable, we consider moreover the complex 
~D(S) = the subcomplex of Cq(S) consisting of simplices with non- 
orientable (connected) complement. 

A very natural complex to consider for a non-orientable surface S is the 
subcomplex of T>(S) of 1-sided circles. (While 1-sided curve systems are al- 
ways non-separating, they can have an orientable complement.) This com- 
plex is connected if the genus of S is large enough, but we do not know if it 
is highly connected. 

Theorem 5.4. Cq(S) is (^^)- connected where h is the genus of S or twice 
its genus if S is orientable. 

This is \14\ Thm. 1.1] when 5 is orientable and the proof in the orientable 
and non-orientable case is similar to the proof of Theorem \'d.2\ the differ- 
ence in connectivity bound coming from the difference between the Euler 
characteristic of an arc and that of a circle. We give a sketch of the proof 
for convenience. 

Proof. We do an induction on the pair (h,r), where r is the number of 
boundary components of S. Note that the result is true for h < 2 for 
any r. Fix (h,r) > (3,0) and k < As C(S) is at least (h - 3)- 

connected (Theorem I5.2|) . any map / : S — > Cq(S) can be extended to a 
map / : D k+1 — > C(S). For a a regular bad simplex of maximal dimension 
in D k+1 , defined as in the proof of Theorem 13.21 the restriction of / to the 
link of a maps to the join J CT = Cq{X\) * ■ ■ ■ *Co(X c ) if S\a = X\ U ■ ■ ■ UX C . 
Each Co(Xi) is ( fe '^~ 3 )-connected by induction. The Euler characteristic gives 
^(2 — hi — Tj) = 2 — h — r , and Y2i Ti= r + k for some p + l<k<2p + 2. 

The connectivity of J a is (£. L^J ) - 2 > fi^) - 2 > fe " (2p+ 2 2)+2c " 2 - 2 > 
— p as c > 2. We need the connectivity of J CT to be at least —p) to 
be able to extend /| Link(a) to a disc D k+1 ~P. If h is even, [^J = L^J- If 
k < 2p + 2, we gain ^ in the next to last inequality which also gives enough 
connectivity. The case left is when h is odd and k = 2p + 2, but in that case 
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one of the hi's must also be odd and we gain ^ in the first inequality above. 
The end of the proof is as in Theorem 13.21 □ 

Theorem 5.5. For S n ^ r non-orientable, T>(S n ^ r ) is -connected. 

The proof is now analogous to that of Theorem 13.31 and we give a sketch 
for convenience. 

Proof. A map f : S k —> V(S) can be extended to a map / : D k+1 — > Cq (S) 
when k < by the previous theorem. For a regular bad simplex a, 
now defined as in the proof of Theorem 13.3^ S\f(o~) is an orientable surface 
of genus g > n ~ 2 P~ 2 ) anc l / : Link(cr) — > Co(S\f(a)) if a is of maximal 
dimension. The latter space is ( n ~ 2p ~ 5 )-connected by Theorem 15.41 so that 
the map can be extended over a disc D k+l ~ p . Using / * F to modify / in the 
interior of the Star(cr) = da*D k+l ~ p improves the situation. Indeed, let a*f3 
be a regular bad simplex of da * £j k+1 ~ p . As in the proof of Theorem 13.31 
there are two cases. Either f(ct) = f(cr) and a * (3 = a is regular bad of 
smaller dimension than a, or there exists a circle Cj in f(a)\f(a). As f3 
does not separate S\f(a), there exists an arc in S\(f(o~) * F((3)) joining 
the two copies of any point of Cj. Such an arc closes to a 1-sided circle in 
the complement of /(a) * F((3) in S, so that f(a) * F(f3) has non-orientable 
complement, contradicting the badness assumption on a * (3. The result 
follows by induction. □ 

5.1. Spectral sequence argument. Consider the (non-augmented) spec- 
tral sequence for the action of A4 = M n ,r on X = T>(S n ^ r ) with 

E lq = ®a p eo p H q (St(a p );Z ap ) H p+q (X) 

where O p is a set of representatives for the orbits of p-simplices a p in X and 
7L Gv is the module Z twisted by the orientation of a p . (The twisting in the 
coefficients comes from the fact that the stabilizer of a collection of circles 
does not need to fix the simplex pointwise.) Following ideas of [20], we prove 
the theorem by comparing the spectral sequence for a closed surface S to 
that of a surface with one boundary component. 

Let R be a surface of genus n with one boundary component, and let S be 
the surface obtained from R by gluing a disc on its boundary. If R E^ q and 
s Ep q denote the two spectral sequences with S n ^ r being R and S respectively, 
gluing a disc induces a map of spectral sequences 

R E l — » S E 1 . 

vi pq 

For each p, we have min(p+2, n— p— 1) orbits of p-simplices, parametrized 
by the number of 1-sided and 2-sided circles in the simplex, and gluing a 
discs gives a 1-1 correspondence between the orbits of p-simplices in T>(R) 
and those in T>{S). 

Let a p be a p-simplex of T>(R) and a' the corresponding simplex in T>(S). 
The stabilizer Stft{o- p ) is a subgroup of M^_ p _ k _ 1 p + / c+2 where < k < p+l 
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is the number of 2-sided circles in a p and where M + denotes the extended 
mapping class group where the boundaries of the surface are not fixed point- 
wise and may be permuted. Similarly, Sts(a' p ) < M.^_ p _ k _ 1>p+k+v Glu- 
ing a disc on the boundary of S induces a map Hi(M. n - p - k -i,p+k+2) — ► 
Hi(M. n - p -k-i,p+k+i) which is always surjective (because it is a right inverse 
to gluing a pair of pants) and is an isomorphism when n — p — k — 1 > Ai + 3 
by Corollary 14.71 We need such an isomorphism on the homology of the 
stabilizers to obtain an isomorphism of spectral sequences. 

Lemma 5.6. The map Hi(St R {a p );1 lap ) — ► Hi(Sts(o-' p );7 l(Tp ) is an isomor- 
phism when i < n ~ 2 P~ 5 _ Moreover, the map is surjective when i < n ~ 2 P~ 1 _ 

Theorem 5.7. The map iTj(.M n i;Z) — ► Hi{M n fi] r L) is an isomorphism 
when n > Ai + 5. Moreover, the map is surjective when n > Ai + 1. 

Proof of the Theorem. We only need to prove the result when i > 1. By 
the Lemma, we have an isomorphism of spectral sequences in the range 



q< 



n—2p—5 
4 



, so in particular when p+q < 



n— 5 



and an epimorphism when p+ 



q < Then, by [201 Thm. 1.2], we have an isomorphism H^lV^R)) -> 

Hf A (T>(S)) when i < and an epimorphism when i < ^=±. As i < ^ 
(with i > 1) implies i < the isomorphism part of the result follows from 
Theorem 15.51 For the surjectivity, we need moreover that i < implies 
i < This is only true when n > 9. The surjectivity however holds 

without this extra assumption since for n < 8 it only concernes H±, and 
surjectivity always holds on Hi because the homomorphism Ai n ,i — > Mn,o 
is surjective. □ 

Proof of the Lemma. Let StR(a p ) < St R (a p ) and Sts(a' p ) < Sts(cr p ) denote 
the subgroups of elements fixing each circle of a p or o~' p , preserving its ori- 
entation. Let £^ denote the group of signed permutations of k elements. 
Suppose that o~ p has exactly k 2-sided circles. We have a commutative dia- 
gram with exact rows: 



1 



-> St R (a p 



-> St R (a p ) 



1 >St s (a' p ) >St s (a' p , 



Each row gives rise to a Hochschild-Serre spectral sequence with 

R E 2 rs = iT r (E± x ^ +1 ^ k ;H s (St R (a p );Z ap )) => H r+s (St R (a p );Z ap ) 



and £' 1 -term E}, a 



H s (St R (a p );Z,j p ) where _F r is a projective 



resolution of Z over Z[E^ x S^ ) _ 1 _ fc ], and similarly for the bottom row. 



We have a map of spectral sequences tp : R E} 
that H s {St R (a p );'L a ) — ► H s (St R (a p );Z a ) is an isomorphism whenever s < 



5 P l 



Ey s . If we can show 



STABILITY FOR MAPPING CLASS GROUPS OF NON-ORIENTABLE SURFACES 29 



n 2 £ 5 , the map ijj will be an isomorphism of spectral sequences in this range 
for any r, so in particular when r + s < n ~ 2 P~ 5 an d when r + s < n ~ 2 P~ l 
if r > 1. The first part of the lemma will then follow by |2U[ Thm. 1.2]. 
For the surjectivity part, we need moreover the map to be surjective when 

b — 4 

Note that the action of Stn(a p ) on the twisted coefficient Z CT is actually 
trivial, so it can be replaced by Z. 

There is a second commutative diagram with exact rows: 

1 > ZP +1 > M(R\a p ) > St R {a p ) > 1 

1 > Z p+1 > M{S\a' p ) > 5t s «) > 1 

where the first fc factors in Z p+1 are generated by Dehn twists of the form 
t c +t~L with Cf and C~ the two boundary components in S\a p coming from 

a 2-sided circle Cj of a, and the other factors come from Dehn twists along 
boundary components coming from 1-sided circles. Also, M{R\a p ) is iso- 
morphic to M n ~ p ^k-i,p+k+2 and M(S\a' p ) is isomorphic to M n - P -k-i,p+k+i- 
We again have a map of Hochschild-Serre spectral sequences R E^ S — » -E^s 
from the diagram, where now 

X 2 S = ^r(Sii?K);^(ZP +1 )) H r+s (M(R\a p )). 

We have ^-Eos ~* S ^0s f° r au s because Z p+1 is central in both groups. 
We know moreover that the sequences converge to isomorphic groups when 
n — 2p — 2 > 4(r + s) + 3 by Corollary 14. 71 as < p + 1. (The map, induced by 
gluing a disc, is the right inverse to gluing a pair of pants in this case.) By [20} 
Thm. 1.3] (using the universal coefficient theorem for condition (v)), we get 
an isomorphism R E^ — » ^-E^o f° r an r — "~^~ 5 which is the condition we 
needed above for the isomorphism in the lemma. For the surjectivity when 
r < — 4 P ^ 1 , we need moreover that H r+s (M(R\a p )) — > i7 r+s (A / J(S\cr p )) is 
surjective when r + s < n ~ 2 P~ 1 anc l this map is always surjective. □ 

6. Stable homology 

In this section, we describe the stable homology of the non-orientable 
mapping class groups. We first relate the non-oriented (l+l)-cobordism 
category to the stable non-orientable mapping class group, using a combi- 
natorial model of this category. We then use the work of Galatius-Madsen- 
Tillmann- Weiss which computes the homotopy type of the cobordism cat- 
egory in terms of a Thorn spectrum associated to the Grassmannians of 
2-planes in R n+2 . 

Let ^2 denote the (1 + l)-cobordism 2-category, namely ^2 has objects 
the natural numbers, where n is thought of as a disjoint union of n circles, 
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Figure 10: Example of 1-morphism in ^2,6 from 3 to 4 



1-morphisms from m to n are cobordisms with m incoming and n outgoing 
circles, and 2-morphisms are given by isotopy classes of diffeomorphisms 
of the cobordisms fixing the boundary pointwise. We denote by "^2,6 the 
subcategory where the natural map {1, . . . , n} — > tto(S) is surjective for any 
1-morphism S with n outgoing circles. More precisely, we use the following 
combinatorial model for ^2,6) which is a variation of Tillmann's model for 
the oriented cobordism category in [31]: fix a pair of pants P, a punctured 
Mobius band M and a disc D which are respectively 1-morphisms 

P : 2 -> 1, P : 1 -> 2, M : 1 -> 1 and D : 1. 

The boundary circles of these surfaces are parametrized by [0, 2tt[. We also 
consider the circle C as a 1-morphism from 1 to 1. A 1-morphism in ^2,6 from 
m to n is then a surface build out of P, P, M, D and C by gluing and dis- 
joint union, with the incoming boundary components labeled 1, . . . ,m and 
the outgoing ones labeled 1, . . . ,n. (See Fig. [10] for an example.) Isolated 
circles are labeled on both sides. Note that such a morphism has at most 
n components. In particular, there is no morphism to 0. The identity mor- 
phism from n to n is a disjoint union of n circles with the same labels on 
both sides. The other labellings of the circles give an inclusion of the sym- 
metric group E n in ^2,&( re ) n ) which acts on other morphisms by permuting 
the labels. Composition of 1-morphisms is by gluing. 

The 2-morphisms are isotopy classes of diffeomorphisms taking one sur- 
face to the other, identifying the boundary circles via the identity map 
according to the labels. 

Following the notation of [30], let ^^2,6 denote the category enriched 
over simplicial sets obtained from ^2,6 by taking the classifying spaces (or 
nerve) of the categories of morphisms, i.e. =^"^2,fe( m ) n ) '■= B( < ^2,fe( m -> n ))- As 
1-morphisms from A; to 1 in ^2,6 are connected surfaces with k + 1 boundary 
components, we have 

^(M) * (LL>o Br 9 , H i) II (LL>o BA4 n , fc+1 ) 
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where ^ g ,k+i denotes the mapping class group of an orientable surface of 
genus g with k + 1 boundary components with the boundaries fixed point- 
wise. (As we are only considering surfaces with at least one boundary com- 
ponent here, the diffeomorphisms automatically preserve the orientation.) 
We denote by B^2,6 the classifying space of the simplicial category BB^fi- 

It is equivalent to work with the space of all diffeomorphisms instead of 
just isotopy classes as the components of the diffeomorphism groups are 
contractible except in a few low genus cases [U [6] and we will let the genus 
tend to infinity. In particular, the category SS^i can be replaced in the 
following theorem by the category of embedded cobordisms described in the 
introduction. 

Theorem 6.1. ff,(fiB^,biZ) = H*(Z x BM^T). 

This is the non-oriented analogue of [301 Thm. 3.1]. Note indeed that ^2,6 
is the cobordism category of all surfaces, not just the non-orientable ones. 
We give a sketch of the proof of the theorem for convenience. It is completely 
analogous to the proof of [301 Thm. 3.1] but relies on our stability theorem. 

Proof. Let be the ^^2,6-diagram defined by 

tfooCfc) = colim(W 2 , 6 (fc, 1) ^ W 2>6 (fc, 1) ^ . . . ). 

The maps ^^^(m, k) x^ 00 (/c) — > "^^(m) are induced by pre-composition in 
W 2)6 . We have %oO) - Z x BMoo,k+i- Let ^ = hocolim^^^x,. 
This is a contractible space, being a colimit of contractible spaces (see \30\ 
Lem. 3.3]). For every object k, there is a pull-back diagram 

^00 (fc) > #W 2 ,jXoc 

^ B^2,6 

For each vertex in t> € B^^m, fc), the induced map t>* : H it ('Tf 00 (k),Z) — > 
H*(^' 00 (rri),'L) is an isomorphism by Theorem [A] Indeed, it is enough to 
show that each building block P,P,M and D induces an isomorphism in 
homology. Theorem [A] implies that P, M and D induce isomorphims. It 
follows that P also induces an isomorphism asPoPoM = MoMo M. 

It follows from [30|. Thm. 3.2] that the above diagram is homology Carte- 
sian, i.e. that the inclusion of the fiber into the homotopy fiber is a homology 
isomorphism. And the homotopy fiber is HB^t as the total space is con- 
tractible. □ 

Let G n = Gr(2,n + 2) be the Grassmannian of (non-oriented) 2-planes 
in M n+2 . Let U n and denote the tautological bundle over G n and its 
orthogonal complement, and let Th(U^) denote the Thorn space of the 
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disc bundle of C/„ with its sphere bundle collapsed to a point. Pulling back 
U^+i along the inclusion G n > G n+ i gives a map 

S 1 A Th(Un) — > Th(Un + i) 

so that the spaces Th{U^) form a spectrum. Following [IT] , we denote G_2 
the spectrum with (tG_ 2 ) n = Th{U^_ 2 )- Let 

0°°G„2 := colim n ,^ 00 O n+2 T/i(C/^) 

be its associated infinite loop space. The main theorem of [TTJ, in the (non- 
oriented) dimension 2 case, says that 

B^ 2 ft°°£G_2 

and thus that £1 — 0°°G_2. (They use the embedded cobordisms model 
for ^2-) This homotopy equivalence is induced by the Thorn- Pontrj agin 
construction explained in the introduction. Furthermore, they show that 

B<^2 ^ B^ 2 ,6- 
Combined with our Theorem 16.11 this yields 

Theorem 6.2. H^M^Z) #*(ftg°G_2;Z) 

Here, f2o°G_2 denotes the Oth component of f2°°G_2. 

Theorem 16.21 can alternatively be proved running the original proof of the 
Madsen- Weiss Theorem |24] removing orientations everywhere and replacing 
Harer's stability theorem by our Theorem lAl 

Corollary 6.3. H^Moo] 1%}) = #*(fi§°i: 00 (BO(2)+); Z[±]) 
Corollary 6.4. H*{Moo\ Q) Q[Ci, C2, ■ ■ ■ ] ^ |Ci| = 4i. 
Proof of Corollarv \6.3\ and \6.4\ The cofiber sequence of spectra 
Th ( U n\ S (uJ — > ) ~ > T/l ^n © ) 

yields the following homotopy fibration sequence of infinite loop spaces 

0°°G_ 2 — ► f] 00 S 00 (BO(2) + ) — ► n^RP^ 

where fi^lRP^ = f2°°G_i is the infinite loop space associated to the Thorn 
spectrum obtained as above from the orthogonal bundle to the canonical 
bundle over the Grassmannian of lines in M n+1 (see |114 Prop. 3.1]). 

The analogous cofiber sequence of spectra for RP^ yields the fibration 
sequence: 

fi oc MP oo — ^ n°°£°°(RP~) n^s 00 

where d is the stable transfer associated with the universal double covering 
space p : EZ/2 — ► BZ/2 |11^ Rem. 3.2]. As p is an equivalence away 
from 2, so is d by [TJ Thm. 5.5], and the homology of fi^RP^j must be 
2-torsion, which gives Corollary 16.31 Finally for Corollary 16.41 note first that 
F*(ftg° £°°(BO(2) + ),Q) £S if*(Og°S°°(BO(2)),Q) as oo S oo (B0(2) + ) ~ 
fi oo S oo (B0(2)) x Q^S 00 and tt^S 00 has trivial rational cohomology. From 
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the theory of graded commutative Hopf algebras [261 Append.], we have 
that ir*(fi§ £ 00 (BO(2)),Q) is the symmetric algebra on # >0 (BO(2), Q). 
(See also [22j Thm. 2.10], and [lOj Thm. 3.1] for identifying the classes as 
the classes described in the introduction.) □ 

Recall from U Thm. 5.1] [3] that for any space X, the homology of 
Qooyjooj^ an y p r i me p [ s an algebra over the homology of X, generated 
by the Dyer-Lashof operations. We know the homology of BO(2) [21 [7] and 
of WP°° so that, using the two fibration sequences above, it is possible to 
compute the homology of f2°°G_2> and hence that of .Moo- The analogous 
computations in the orientable and spin cases were carried out by Galatius in 
[HIE]. One can verify as a first step that fr L (fi 00 G_ 2 ; Z) = 7Ti(G_ 2 ) = Z/2. 
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